The realization of quantum logic gates with neutral atoms on atom chips is investigated, including realistic features, such as noise and actual experimental setups.
Introduction
Neutral alkali atoms are among the most promising candidates for quantum information processing because of their weak coupling to the environment and the high efficiency in controlling and manipulating them in properly-tailored settings, such as optical lattices or atom chips. 1 Earlier investigations in this field were mainly based on simple idealized models, where either two vibronic or two internal hyperfine states are used as logic states. In the first proposal 2 for a quantum gate on atom chips the qubit state is encoded in two internal states (denoted as |0 and |1 ) and harmonic, state-dependent potentials provide different dynamics for the logic states: while the two atoms remain spatially separated when in states |00 , |01 , and |10 , they collide with each other in a wide, common harmonic trap of angular frequency ω when in state |11 . Although the external and internal degrees of freedom get entangled during the gate operation, periodic disentanglement between the two degrees of freedom is guaranteed by full revivals of the atomic wave packets in harmonic potentials. The different dynamics of the four logic states realizes a phase gate operation
where a, b, c, d are arbitrary complex numbers, τ is the operation time and ϕ(τ ) a global phase factor. A different scheme for a phase gate, where the logic states are the ground |0 ≡ |g and first excited |1 ≡ |e state of the external degree of freedom of trapping wells was given in Ref. 3 , where harmonic potentials are again assumed for the sake of simplicity. When the atoms are in the state |ee , they have energy sufficient to collide in the classically forbidden region of the barrier between the two wells, while when in the other states at least one atom is strongly localized inside each well.
Simple models are a powerful tool to grasp some fundamental properties, but at a later stage of investigations the complexity of real world can no longer be neglected. Most quantum systems have many eigenstates; the two qubit states have to be chosen accurately among them, and the other states must remain decoupled from the qubit dynamics. Complexity is often seen as an obstacle; however, it is less often appreciated that it also offers alternative solutions.
Moreover, any realistic analysis has to take into account another feature: noise. The presence of noise is particularly detrimental in quantum information theory, since it destroys quantum coherence, and deserves a careful analysis when experimental proposals are put forward. In magnetic traps on atom chips, noise of the currents entails random fluctuations in the magnetic field, which produce random phases, i. Sec. 6 concludes the paper with considerations on appropriate figures of merit for gate operations with neutral atoms in realistic conditions.
The Collisional Phase Gate with Anharmonic Traps
On the route towards realistic schemes for the implementation of a phase gate on atom chips, an analysis of the limitations to the performance of the scheme of Ref. 2 due to anharmonicity of the trapping potentials is in order. Consider the same situation of Ref. 2 and described in the previous section, with the addition of a cubic and a quartic term to the expression of the wide common harmonic potential of frequency ω, in order to include the next leading order terms of the Taylor series expansion of an arbitrary trapping potential. The fidelity F of revival of the initial vibrational state can be taken as an estimate of the gate performance. While a cubic anharmonicity is well tolerated, the quartic correction poses severe restrictions to the correct performance of the phase gate that are not easy to satisfy on atom chips. When we express the nonlinear quartic correction to the trapping potential as
where m is the atomic mass and λ is a dimensionless parameter, the gate works efficiently only for λ ∼ 10 −4 (or less), while higher values of lambda reduce the gate performance below an acceptable threshold.
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These results show that the full revival of the wave packets, required for a correct performance of the scheme proposed in Ref. 2 , is hard to obtain spontaneously, i.e. without optimizing atoms' dynamics. Since the potentials that can be created on atom chips are highly anharmonic, the experimental setup and the actual trapping potentials that can be created in the laboratory must be considered when more realistic proposals are developed.
Atom Chip Architecture for Trapping Magnetic Potentials
In the low-field intensity limit, constant dc currents in atom chip wires and homogeneous bias magnetic fields produce the potential
where g F is the Landé factor, µ B is Bohr's magneton, m F is the azimuthal quantum number, B is the intensity of the magnetic field and r is atom's position; cold atoms move slowly in such potentials with their spin aligned with the local magnetic field. The setup shown in Fig. 1 gives rise to a double trap where low-field seeking states can be confined.
1 As explained in Ref. 6 , an infinitely long wire (hereafter, transverse wire) and a bias field orthogonal to the wire create a quadrupole field with a minimum zero magnetic field on a line parallel to the wire. Since Majorana transitions in this region would lead the atoms to escape from the trap, 1 a second bias field orthogonal to the first one must be added in order to shift the minimum of the field to a nonvanishing value. Additional wires orthogonal to the first one and parallel to each other give rise to modulations of the magnetic field in the direction along the transverse wire, resulting in two quasi one-dimensional (1D) wells. In the architecture of Fig. 1 , dc currents in the L (left) and R (right) wires are sufficient to create a double well, whereas the C (central) wire can be employed to modulate the barrier height. The wires are embedded in a solid substrate, acting as a heat sink, with the transverse wire inside it and the orthogonal wires on its surface. In general, in such a setup the finite size of the wires can produce non-negligible effects and can be easily taken into account. 
A Phase Gate with Vibrational States
Trapping potentials like those shown in Fig. 1 assuming the L and R wires are 1.5 µm apart and carry currents I L,R 2.78 mA, while another dc current I 0 29.9 mA flows in the transverse wire; a homogeneous bias magnetic field with components B x = −9.91 G and B y = 50.0 G is applied. The gate operation is not the only delicate stage of quantum computation. Qubit-qubit interactions must be switched on and off on demand, which requires accurate control over the trapping potentials. The static scheme just discussed needs to be improved in order to include these stages. Time-dependent dc currents allow to modify the height of the barrier between the two atoms and to turn on and off their interaction. The modification must be adiabatic, in order to avoid populating excited vibrational states out of the computational basis. Numerical optimization gives a fidelity F > 0.999 and gate operation τ 10 ms, with realistic values for the wires' size and distance, bias magnetic fields and dc currents. 7 At the end of the gate operation, the logic state can be transferred via Raman transitions to the hyperfine clock states where it is protected against noise. 
A Phase Gate with Hyperfine States
The clock states |0 ≡ |F = 1, m F = −1 and |1 ≡ |F = 2, m F = 1 can also be used as logic states during the gate operation. This requires state-dependent potentials that can be realized by a combination of static magnetic fields, as discussed above, and a microwave current I mw in wire C. In 87 Rb, microwave potentials derive from magnetic dipole transitions between the F = 1 and F = 2 hyperfine manifolds of the ground state 5 S 1/2 . The magnetic component of the microwave field couples the |F = 1, m 1 to the |F = 2, m 2 sublevels and leads to energy shifts that depend on m 1 and m 2 . In the limit of large detuning, opposite Zeeman shifts on the clock states are produced, which, in a spatially varying microwave field, result in a state-dependent potential landscape where collisions occur only for the state |11 . In order to get high fidelity in a nonstatic scenario with state-dependent traps, quantum optimization methods 9 can be used to disentangle the external and internal degrees of freedom at the end of the gate operation. Optimal control techniques allow us to manipulate the dynamics of the atoms during the gate operation by controlling few parameters of the system: in our case, the microwave power, the bias field components and the dc currents. Gate fidelity F > 0.99 can be obtained in 1.1 ms, 10 which is one order of magnitude smaller than the previous scheme.
To realize the microwave gate, some effects potentially limiting the gate fidelity have to be considered. The optimal control employed assumes that the system remains in the transverse ground state of the trap; transverse excitations are avoided if the quantum of transverse excitation energy is larger than the energy of the two atoms. In the presence of the microwave coupling, the differential magnetic moment δµ of the qubit pair changes due to the admixture of other magnetic sublevels; nonetheless, its effect is negligible in the setup considered here. 10 Another potential source of infidelities are two-photon transitions induced by the microwave. These can arise if more than one polarization component of the microwave is present and can be suppressed in the limit of large two-photon detunings. Another issue are trap losses due to near-field noise. Trap loss on our chip is dominated by spin flips due to magnetic near-field noise. 11 A trap lifetime τ = 1.1 s is estimated in the setup considered here. 
Entropy versus Temperature
In the schemes discussed above, qubits are encoded either in the internal or in the external states, while gates always involve the external motion of the atoms. The latter is required usually to start from and come back to the ground state. Given the energy scale involved at the inizialization stage, and in particular the need to perform a certain number of gate operations, the system can be expected to undergo heating. A figure of merit which is sometimes given in literature is the fidelity as a function of the temperature, where the initial motional state is taken to be a canonical mixture at a certain temperature T . We have, e.g. considered the effect of the temperature on the collisional phase gate in Refs. 5 and 10. On the other hand the atoms are very well isolated from the environment, and do not thermalize easily. Other interesting effects due to the presence of a room temperature surface close to a zero-temperature gas appear and they are nowadays actively investigated (see, e.g. Ref. 12). Thus, rather than the temperature, the entropy is a quantity that, in some cases, better describes the system. Eventually depending on the actual physical implementation, one has to consider whether to use the microcanonical or the canonical ensemble. 
